. If the material-symmetry axes are not lined up with the shell principal coordinates, the shell is said to be anisotropic (or generally orthotropic). This induces coupling between the membrane and in-surface shear effects and between bending and twisting effects. Since there is no structural advantage, or even requirement, for shells constructed in this way, apparently it has not been subjected to analysis.
When a shell is constructed of more than one isotropic layer with each layer having different elastic properties and the layers arranged symmetrically with respect to the shell middle surface, the governing equations are identical to those of a single-layer isotropic shell [3] . However, if the isotropic~layers are arranged unsymmetrically with respect to the shell middle surface, there is coupling between in-surface (stretching and/or shear) and out-of-plane (bending and/or twisting) effects. This is called bending-stretching coupling and it is greatest for two-layer shells [4] such as those used in reentry-vehicle heat shields.
For a shell constructed of multiple orthotropic layers, with the layers aligned either axially or circumferentially and arranged symmetrically with respect to the shell middle surface, the equations are the same as those for a single-layer specially orthotropic shell [5] . If the specially orthotropic layers are arranged unsymmetrically, bending-stretching coupling is induced. Such shells were considered in [5] but only approximately in terms of an equivalent single-layer specially orthotropic shell. Using a Donnell-type shell theory, Dong [7] considered arbitrarily laminated, specially orthotropic cylindrical shells of finite length.
The most general case of laminated shells is that of arbitrarily laminated anisotropic layers, i.e. multiple orthotropic layers arbitrarily oriented and arbitrarily arranged. Kunukkasseril [8] [10] are not used, although the more exact strain-displacement expressions of the Love second-approximation [9] or Flugge exact theory [11] Considering H4, Newton's second law can be applied to a differential element of the shell to obtain the following three equations of translational motion and two equations of rotational equilibrium:
Equations (11) and (12) can be used to eliminate the transverse shear resultants from equations (9) and (10) Substituting equations (6) into motion equations (8) , (13) , and (14) yields the Equation (20) can be obtained also by setting the determinant of the operator matrix in equation (17) equal to zero. Equation (20) agrees with the result obtained by Nikulin [14] by another method. However, the definitions of the operators L, used here for the laminated anisotropic case are considerably more complicated than in the homogeneous isotropic case considered by Nikulin [11] and carried out by Forsberg [15] for the isotropic case and by Dong [7] Table 3 , along with the results of the present analysis. It is seen that the differences between the two analyses are even less than those for the homogeneous shell of Table 2 . This corroborates the equivalent shell hypothesis. where It is noted that the coefficients Cl and C2 contain elastic coefficients with subscripts 16 and 26 not present in the corresponding coefficients for orthotropic or isotropic materials. The explanation for this is that although there are no shear strains produced by the axisymmetric displacement, the normal strains produced by axisymmetric motion induce shear stresses as a result of anisotropic cross-elasticity effects.
The solution of equation (25) (17) exactly. Due to the presence of terms containing odd mixed partial derivatives, the checkerboard modes expressed by equation (23) do not satisfy equations (17) . To accommodate these terms, functions having the combined argument (ax + /?!/) are necessary. Motivated by the work of Pagano, Halpin, and Whitney [19] , who demonstrated that axial tension of a general anisotropic cylindrical shell produces helical buckling modal patterns, the following helical-mode displacement functions were investigated:* It was found that these functions are exact solutions of the equations of motion**. Unfortunately, since the nodal pattern associated with such a function is helical (see Figure 5) , it cannot satisfy any boundary conditions at the ends (x = constant). However due to the effects of the terms with odd mixed partial derivatives, the natural frequency calculated for a specific a and /3 is different from that calculated for the same value of a and a /3 value equal in magnitude but opposite in sign. Thus, contrary to the case for specially orthotropic or isotropic shells, the +{3 and -{3 solutions are linearly independent solutions. Thus, it was decided to use the following two functions for w (along with analogous ones for u and v):
where W, and W2 are constants. Following the approach suggested by Nikulin for isotropic shells, the ratio W2 / Wl is determined so that the primary boundary condition (w = 0) is satisfied exactly at each end of the shell. Equation (28) Then a third line is drawn in which frequency is plotted against the mean value of ml and m2 (shown as a dashed line in Figure 7) . Finally, the natural frequencies are those frequencies at which the frequency vs. (ml + m2) /2 curve intersects integer values of (ml + m2) /2. Thus, Figure 7 shows that the lowest natural frequency for n = 2 occurs at approximately 123 cps, the second frequency at approximately 425 cps, and the third at approximately 925 cps. Since the two curves of frequency vs. ml and vs. m2 are generally similar, it is generally sufficiently accurate to assume that the frequency associated with (ml + m2) /2 is approximated with sufficient accuracy by
The shell used in the illustrative example of Figure 7 has the same geometry as the boron/epoxy laminated cylinder considered previously, except here, the outer layer is oriented circumferentially, while the inner layer is oriented at 45 degrees to exaggerate the tangential anisotropic effect. Figure 8 shows natural frequency associated with m = 1 as a function of circumferential wave number.
For the same shell geometry and a fixed outer-layer orientation (circumferential), Figure 9 shows the effect of inner-layer orientation on the frequencies for m = 1 and various values of n. It is interesting to note that the lowest frequency is associated with n = 2 regardless of inner-layer orientation. Although inner layer orientation has only a weak effect on this lowest frequency, it is maximized by selecting an axial orientation (0 degrees).
CONCLUSIONS
On the basis of the present investigation, the following conclusions are drawn:
1. The concept of using an equivalent homogeneous isotropic shell, as proposed by Weingarten, to 
